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1 The big idea

The goal of this project is to find novel solutions to the STU model in four-dimensional

Euclidean supergravity and to compute their corresponding on-shell actions. This has been

explored so far in [1], where the conformal boundary is S3, and in [2], where the conformal

boundary is S1×Σg. There are a few reasons that finding new solutions beyond these and

computing their on-shell action would be worthwhile:
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1. The space of Euclidean solutions in supergravity is much larger than that of Lorent-

zian solutions. The BPS conditions become less restrictive, due to the “doubling” that

occurs in the continuation from Lorentzian to Euclidean signature (see Section 4),

and solutions that are singular in Lorentzian signature may be smooth in Euclidean.

2. The STU model is a truncation of 4d N = 8 supergravity, which in and of itself is a

consistent truncation of M-theory compactified on a 7d Sasaki-Einstein manifold X7.

By finding novel solutions that admit an uplift to M-theory, we can elaborate on the

AdS4/CFT3 correspondence and learn more about the dual ABJM theory. In parti-

cular, the Euclidean nature of our bulk means that we can learn about configurations

of ABJM on compact, Euclidean manifolds that admit no Lorentzian continuation.

3. There may be a general formula for the on-shell action of BPS solutions in the STU

model, along the lines of the formula derived in [3] for BPS solutions in minimal

supergravity. Whatever this bulk on-shell action formula is, it must be consistent

with equation (2.69) of [4] for the partition function of ABJM on the manifoldMg,p,

defined as a U(1) bundle of degree p over a Riemann surface Σg of genus g. Such a

relation would necessarily generalize the UV/IR correspondence noted in [2], where

there is a precise relation between the scalars in the IR of the solution and the CFT

sources, as read off from the UV region of the bulk solution, for ABJM on S1 × Σg.

There is also a UV/IR relationship present for ABJM on S3, as detailed in Section 6.5,

although this UV/IR correspondence was not explicitly detailed in [1].

2 Conventions

Throughout this note, we consider four-dimensional Lorentzian and Euclidean spacetimes,

with metric signature (−+++) and (++++), respectively. We denote spacetime indices by

Greek letters µ, ν, . . . and flat tangent space indices by Latin letters a, b, . . .. In Lorentzian

signature, the tangent space indices take values (0, 1, 2, 3), while in Euclidean signature

they take values (1, 2, 3, 4).

Our Levi-Civita tensor conventions are

εµνρσ = εabcde
a
µ e

b
ν e

c
ρ e

d
σ , (2.1)

such that the tensor takes values ±e = ±
√
|g|. We also define the gamma matrix product

γ5 by

γ5 =

{
iγ0γ1γ2γ3 in Lorentzian signature ,

γ1γ2γ3γ4 in Euclidean signature ,
(2.2)

such that γ5 anti-commutes with all gamma matrices and γ2
5 = 1 in both signatures. For

a U(1) field strength Fµν , we define the dual field strength by

F̃µν =


− i

2
εµνρσF

ρσ in Lorentzian signature ,

1

2
εµνρσF

ρσ in Euclidean signature ,

(2.3)

– 2 –



such that the self-dual and anti-self-dual parts of the field strength are given in both metric

signatures by

F±µν =
1

2

(
Fµν ± F̃µν

)
. (2.4)

3 N = 2 gauged supergravity

We consider coupling an N = 2 gravity multiplet to nV vector multiplets. We use α =

1, . . . , nV to index the vector multiplets, as well as I = 0, 1, . . . , nV to index all vector fields

(including the graviphoton). The gravity multiplet is(
gµν , ψ

i
µ , A

0
µ

)
, (3.1)

where gµν is the metric, ψiµ is an SU(2) doublet of gravitinos, and A0
µ is the graviphoton.

The vector multiplets are given by (
Aαµ , λ

α
i , z

α
)
, (3.2)

where Aαµ is a U(1) vector field, λαi is an SU(2) doublet of gauginos, and zα is a complex sca-

lar. Note also that we consider Abelian vector multiplets, which means that the structure

constants are f K
IJ = 0. The field strengths are then simply given by F Iµν = ∂µA

I
ν − ∂νAIµ.

The interactions between the vector multiplets are specified by a prepotential F (L), a

holomorphic function of some complex scalars LI with Weyl weight 2. These scalars arise

in the off-shell superconformal construction of N = 2 supergravity. We denote MI ≡ ∂IF

to be a derivative of the prepotential with respect to the holomorphic scalars. LI and MI

can be presented together as a covariantly holomorphic section V :

V ≡

(
LI

MI

)
, ∇ᾱV ≡ ∂ᾱV −

1

2
(∂ᾱK)V = 0 . (3.3)

In gauge-fixing the superconformal symmetries to obtain a Poincaré supergravity theory,

these scalars become subject to the constraint

〈V, V̄ 〉 = LIM̄I −MI L̄
I = i . (3.4)

This constraint can be solved by defining:(
LI

MI

)
= eK/2

(
XI

FI

)
, (3.5)

where XI are complex scalars with Weyl weight 1 that are functions of the physical scalars

zα, and FI = ∂F (X)
∂XI . The Kähler potential is then

K = − log
[
i
(
X̄IFI − F̄IXI

)]
. (3.6)

The scalars XI are not uniquely related to the physical scalars zα. The physical scalars

parameterize a special Kähler manifold of complex dimension nV with Kähler potential
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given by (3.6), and we have freedom in how we choose the coordinates on this manifold.

The corresponding Kähler metric is given by

gαβ̄ = ∂α∂β̄K . (3.7)

We also define the scalar kinetic mixing matrix NIJ by

NIJ = F̄IJ + i
NIKX

KNJLX
L

NNMXNXM
= RIJ + iIIJ , (3.8)

where NIJ ≡ 2 ImFIJ , and R, I are the real and imaginary parts of N , respectively.

The action for the bosonic fields is

S =
1

8πGN

∫
d4x
√
−g
[

1

2
R+

1

2
Im
(
NIJF+I

µν F
+Jµν

)
− gαβ̄∇µzα∇µz̄β̄ − g2P

]
, (3.9)

where the covariant derivative acting on the scalars is

∇µzα = ∂µz
α + gAIµk

α
I , (3.10)

with kαI representing the Killing vectors of the special Kähler manifold, and g is the gauging

parameter. (Note that it is distinct from the metric determinant, but hopefully context

will make it clear which we mean.) Note that the vector kinetic term can be rewritten in

several different ways:

e−1Lvector ≡
1

2
Im
(
NIJF+I

µν F
+Jµν

)
= N̄IJF−Iµν F−Jµν −NIJF+I

µν F
+Jµν

=
1

4
IIJF IµνF Jµν −

i

4
RIJF IµνF̃ Jµν .

(3.11)

The scalar potential is

P = gαβ̄k
α
I k

β̄
J L̄

ILJ +
(
gαβ̄f Iαf

J
β̄ − 3L̄ILJ

)
~PI · ~PJ , (3.12)

where ~PI are the moment maps and f Iα are the Kähler-covariant derivatives of the sym-

plectic sections:

f Iα ≡ ∇αLI =

(
∂α +

1

2
∂αK

)
LI = eK/2 (∂α + ∂αK)XI = eK/2∇αXI . (3.13)

A useful rewriting of the potential is

P = gαβ̄k
α
I k

β̄
J L̄

ILJ +
(
U IJ − 3L̄ILJ

)
~PI · ~PJ ,

U IJ = gαβ̄f Iαf
J
β̄ = gαβ̄∇αLI∇β̄L̄J = −1

2

(
I−1

)IJ − L̄ILJ . (3.14)

We will now discuss the equations of motion for the bosonic fields in the Lagrangian.

The (trace-reversed) Einstein equation is

Rµν = −IIJ
(
F IµρF

J ρ
ν −

1

4
gµνF

I
ρσF

Jρσ

)
+ 2gαβ̄∇µzα∇ν z̄β̄ + gµνg

2P . (3.15)
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We are eventually going to be interested in models with no gauging of the special Kähler

isometries, such as the STU model, in which case we find kαI = 0. The Maxwell equation

is then

∇µ
(
IIJF Iµν − iRIJ F̃ Iµν

)
= 0 , (3.16)

while the Bianchi identity is simply ∇µF̃ Iµν = 0. Finally, the scalar equation of motion is

∇µ
(
gαβ̄∇µz̄β̄

)
= −1

4
∂αIIJF IµνF Jµν +

i

4
∂αRIJF IµνF̃ Jµν + ∂αgδβ̄∇µzδ∇µz̄β̄ + g2∂αP .

(3.17)

In the case where kαI = 0, the supersymmetry variations of the fermionic fields are as

follows:

δψiµ = Dµεi + gP ijI L
Iγµεj +

1

4
IIJLIF−Jab γ

abγµε
ijεj ,

Dµεi =

(
∂µ +

1

4
ωabµ γab +

i

2
Aµ
)
εi + gAIµP

i
Ij ε

j ,

δλαi = −1

2
gαβ̄f Iβ̄IIJF

−J
ab γ

abεijε
j + γµ∇µzαεi − 2gPIijg

αβ̄f Iβ̄ε
j ,

(3.18)

where we have defined the Kähler connection Aµ by

Aµ = − i
2

(∂αK∂µzα − ∂ᾱK∂µz̄ᾱ) , (3.19)

and we have also defined

P j
Ii =

i

2
~PI · ~σ j

i , (3.20)

where the Pauli matrices (σ1,2,3) ji are given by

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (3.21)

Note that the SU(2) indices on these matrices are raised on the left and lowered on the

right, such that

~σij ≡ ~σ k
i εkj , ~σij ≡ εik~σ j

k . (3.22)

The supersymmetry parameters εi form an SU(2) doublet of left-handed Weyl spinors,

while their Majorana conjugates εi form an SU(2) doublet of right-handed Weyl spinors:

γ5ε
i = εi ,

γ5εi = −εi .
(3.23)

We can go from one to the other via the Majorana conjugation operation:

εi = γ0C−1(εi)∗ , (3.24)

where C is the charge conjugation matrix, whose definition depends on your explicit gamma

matrix conventions. In terms of these Majorana conjugates, the supersymmetry variations
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are:

δψiµ = Dµεi + gPIijL̄
Iγµε

j +
1

4
IIJ L̄IF+J

ab γ
abγµεijε

j ,

Dµεi =

(
∂µ +

1

4
ωabµ γab −

i

2
Aµ
)
εi − gAIµP

j
Ii εj ,

δλiᾱ = −1

2
gᾱβf IβIIJF+J

ab γ
abεijεj + γµ∇µz̄ᾱεi − 2gP ijI g

ᾱβf Iβεj .

(3.25)

In Lorentzian supergravity it doesn’t matter if we find supersymmetric solutions using the

variations (3.18) or (3.25); demanding that one set vanishes immediately implies the other

vanishes as well, since they are Majorana conjugates. Crucially, this will no longer be the

case in Euclidean signature.

4 Euclideanization

Our method of Euclideanization will follow the one proposed in [1]. That is, we will

analytically continue our Lorentzian supergravity theory into a Euclidean one by means of

a Wick-rotation of the tangent space time direction:

x0 → −ix4 . (4.1)

Correspondingly, the time component of all vector fields must also be Wick-rotated. In

particular,

AI0 → iAI4 , γ0 → iγ4 , (4.2)

and so on. We must also take care to Wick-rotate the action accordingly, due to the

integration over the time coordinate in the measure.

A subtlety in this procedure is that the fermionic fields ψiµ, λiα, and εi become inde-

pendent from their would-be Majorana conjugates ψiµ, λiᾱ, and εi. In Lorentzian spa-

cetimes, fermions and their Majorana conjugates fall in conjugate representations of the

four-dimensional Lorentzian isometry group SO(3, 1). For example, a spinor field with

spin-1
2 can fall into either the (1

2 , 0) or (0, 1
2) representations of the Lorentz group, and

these two representations are in fact conjugate representations, in the sense that the action

of the charge conjugation operator takes us from one to the other. However, the Euclidean

isometry group is SO(4) ∼= SU(2)×SU(2), which does not admit pairs of conjugate repre-

sentations for the spinor fields since the group elements of each SU(2) act independently

of one another.

As a result, we must treat all fermions and their would-be conjugates in Lorentzian

signature as truly independent fields. Furthermore, since fermions and bosons transform

into one another via the action of the supersymmetry generators, we must also allow the

scalars zα and z̄α to be independent complex scalars, as well as allowing for the gauge fields

AIµ to be complex. Using the notation of [1], we will denote the conjugate scalars now by

z̃α instead of z̄α to emphasize their independence.
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Once we account for all of the Euclideanization ingredients described above, we find

that the action for the bosonic fields in our Euclidean theory is given by

S =
1

8πGN

∫
d4x
√
g

[
−1

2
R− 1

4
IIJF IµνF Jµν +

i

4
RIJF IµνF̃ Jµν + gαβ̄∇µzα∇µz̃β̄ + g2P

]
,

(4.3)

where we take the explicit forms of the Kähler potential K from (3.6), the Kähler metric

gαβ̄ from (3.7), the matrices IIJ and RIJ from (3.8), and the potential P from (3.12),

and we replace all instances of z̄α with z̃α. The supersymmetry variations of the fermionic

fields are as follows:

δψiµ = Dµεi + gP ijI L
Iγµεj +

1

4
IIJLIF−Jab γ

abγµε
ijεj ,

δψiµ = Dµεi + gPIijL̄
Iγµε

j +
1

4
IIJ L̄I(F+J

ab )∗γabγµεijε
j ,

δλαi = −1

2
gαβ̄f Iβ̄IIJF

−J
ab γ

abεijε
j + γµ∇µzαεi − 2gPIijg

αβ̄f Iβ̄ε
j ,

δλiᾱ = −1

2
gᾱβf IβIIJ(F+J

ab )∗γabεijεj + γµ∇µz̃ᾱεi − 2gP ijI g
ᾱβf Iβεj ,

(4.4)

where the supercovariant derivatives act via

Dµεi =

(
∂µ +

1

4
ωabµ γab +

i

2
Aµ
)
εi + gAIµP

i
Ij ε

j ,

Dµεi =

(
∂µ +

1

4
ωabµ γab −

i

2
Aµ
)
εi − g(AIµ)∗P j

Ii εj ,

(4.5)

and the Kähler connection in Euclidean signature is now given by

Aµ = − i
2

(
∂K
∂zα

∂µz
α − ∂K

∂z̃α
∂µz̃

α

)
. (4.6)

Note that we now have to take complex conjugates in the conjugate variations where

appropriate due to the complexification of the gauge fields and the independence of zα and

z̃α.

We should note that a lot of the existing studies of Euclidean supergravity [1, 2, 5–7]

don’t explicitly write out the complex conjugation on the gauge fields AIµ and instead just

keep them implicit or consider ansatzes in which the gauge fields are real. Additionally,

there should in principle also be complex conjugations of the vielbein fields where appro-

priate, but in the interest of only considering real metrics we will forego this extra level of

rigor.

5 (Euclidean) STU model

We work with nV = 3 vector multiplets. The complex scalars zα in these vector multiplets

parameterize the Kähler manifold MV , which for the STU model is three copies of the

Poincaré disk:

MV =

[
SU(1, 1)

U(1)

]3

. (5.1)
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Accordingly, the scalars must take values on the Poincaré disk and thus they satisfy the

condition |zα| < 1. The projective scalars XI are related to the physical scalars zα by

X0 =
1

2
√

2
(1− z1)(1− z2)(1− z3) , X1 =

1

2
√

2
(1− z1)(1 + z2)(1 + z3) ,

X2 =
1

2
√

2
(1 + z1)(1− z2)(1 + z3) , X3 =

1

2
√

2
(1 + z1)(1 + z2)(1− z3) .

(5.2)

The prepotential F for the STU model is given by

F = −2i
√
X0X1X2X3 = − i

4

(
1− (z1)2

) (
1− (z2)2

) (
1− (z3)2

)
. (5.3)

The Kähler potential K and the Kähler metric gαβ̄ are correspondingly given by

K = −
3∑

α=1

log
[
(1− |zα|2)

]
, gαβ̄ =

δαβ̄
(1− |zα|2)2

. (5.4)

We also define the superpotential

V = 2
(
z1z2z3 − 1

)
. (5.5)

The scalar potential can be expressed in terms of this as

P =
1

2
eK
(
gαβ̄∇αV∇β̄V̄ − 3VV̄

)
= 2

(
3−

3∑
α=1

2

1− |zα|2

)
. (5.6)

Finally, the moment maps are

P 1
I = P 2

I = 0 , P 3
I = −1 , (5.7)

for any value of I.

When we Euclideanize, everything said above remains the same except we now have to

replace z̄α with z̃α. Both sets of scalars zα and z̃α now parameterize two different copies

of the Poincaré disk and so they must satisfy |zα| < 1 and |z̃α| < 1. The supersymmetry

variations in the Euclideanized STU model are as follows:

δψiµ = Dµεi +
i

2
gP 3

I L
Iγµ(σ3)ijεj +

1

4
IIJLIF−Jab γ

abγµε
ijεj ,

δψiµ = Dµεi +
i

2
gP 3

I L̄
Iγµ(σ3)ijε

j +
1

4
IIJ L̄I(F+J

ab )∗γabγµεijε
j ,

δλαi = −1

2
gαβ̄f Iβ̄IIJF

−J
ab γ

abεijε
j + γµ∇µzαεi − iggαβ̄f Iβ̄P

3
I (σ3)ijε

j ,

δλiᾱ = −1

2
gᾱβf IβIIJ(F+J

ab )∗γabεijεj + γµ∇µz̃ᾱεi − iggᾱβf IβP 3
I (σ3)ijεj ,

(5.8)

where the covariant derivatives are given by

Dµεi =

(
∂µ +

1

4
ωabµ γab +

i

2
Aµ
)
εi +

i

2
gP 3

I A
I
µ(σ3) i

j ε
j ,

Dµεi =

(
∂µ +

1

4
ωabµ γab −

i

2
Aµ
)
εi −

i

2
gP 3

I (AIµ)∗(σ3) ji εj .

(5.9)
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With these variations, one can show that the STU model admits a maximally supersym-

metric vacuum AdS4 solution wherein all scalars and gauge fields are turned off. The size

L of this AdS4 vacuum is related to the gauging parameter g by

g =
1√
2L

. (5.10)

6 STU model with S3 boundary

In this section, we reproduce the results of [1] by constructing Euclidean BPS solutions in

the STU model whose boundary is that of a round S3. We derive the BPS conditions and

perform holographic renormalization to compute the on-shell action for such BPS solutions,

and we establish a match with the partition function of the dual ABJM theory.

6.1 Ansatz and variations

The ansatz is

ds2 =
1

4
L2e2A(r)

(
σ2

1 + σ2
2 + σ2

3

)
+ e2B(r)dr2 ,

AI = 0 ,

zα = zα(r) ,

z̃α = z̃α(r) ,

(6.1)

such that all gauge fields are turned off and all scalars are functions only of the radial

coordinate r. The functions A and B are both functions only of r as well. The quantities

σi, through an abuse of notation, are not Pauli matrices; they are Maurer-Cartan one-

forms. Specifically, they are the left-invariant one-forms of SO(3), given by

σ1 = sin θ cosψ dφ− sinψ dθ ,

σ2 = sin θ sinψ dφ+ cosψ dθ ,

σ3 = cos θ dφ+ dψ ,

(6.2)

where the coordinates (φ, θ, ψ) have periodicities (2π, π, 4π), respectively. These one-forms

satisfy the relationship

dσa =
1

2
εabcσb ∧ σc . (6.3)

Using the explicit form of the one-forms, one can show that they square in quadrature to

the metric of a unit S3, albeit written in a slightly unconventional form:

ds2
S3 =

1

4
(σ2

1 + σ2
2 + σ2

3) =
1

4

(
dφ2 + dθ2 + dψ2 + 2 cos θ dφ dψ

)
, (6.4)

and so our metric ansatz above is just a complicated way of saying that we want our

spacetime to have an asymptotic S3 boundary. The reason we are going through all of this

is to make the squashed sphere (which we’ll do later) easier.

The vielbein are

ei =
1

2
LeAσi , e4 = eBdr , (6.5)
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and the spin connections are

ωij =
1

2
εijkσk , ωi4 = A′e−Bei =

1

2
LeA−BA′σi . (6.6)

If we keep the gauge fields turned off, the variations are given by

δψiµ =

(
∂µ +

1

4
ω ab
µ γab +

i

2
Aµ
)
εi +

i

2
√

2L
P 3
I L

Iγµ(σ3)ijεj ,

δψiµ =

(
∂µ +

1

4
ω ab
µ γab −

i

2
Aµ
)
εi +

i

2
√

2L
P 3
I L̄

Iγµ(σ3)ijε
j ,

δλαi = e−B∂rz
αγ4εi −

i√
2L
gαβ̄f Iβ̄P

3
I (σ3)ijε

j ,

δλiᾱ = e−B∂rz̃
ᾱγ4ε

i − i√
2L
gᾱβf IβP

3
I (σ3)ijεj .

(6.7)

The µ = r component of the gravitino variations can be written explicitly as

δψir =

(
∂r +

i

2
Ar
)
εi +

i

2
√

2L
eBP 3

I L
I(σ3)ijγ4εj ,

δψri =

(
∂r −

i

2
Ar
)
εi +

i

2
√

2L
eBP 3

I L̄
I(σ3)jiγ4ε

j .

(6.8)

The components along the S3 are easier to understand if we contract them with the corre-

sponding dual Killing vector fields. That is, we define

Xσi ≡ (Ki)
µXµ , (6.9)

where Ki is the dual Killing vector associated with each Mauren-Cartan form σi. When

we say they are dual, we mean it in the sense that (Ki)
µ(σj)µ = δij . Explicitly, these are

given by

K1 =
cosψ

sin θ
∂φ − sinψ ∂θ − cot θ cosψ ∂ψ ,

K2 =
sinψ

sin θ
∂φ + cosψ ∂θ − cot θ sinψ ∂ψ ,

K3 = ∂ψ .

(6.10)

Contracting these with the spin connection yields the identity

ω bc
σa =

1

2
εabc . (6.11)

With this in mind, we write out the σ1 component of the gravitino variations explicitly:

δψiσ1 =

(
∂σ1 +

1

4
γ23 +

1

4
LeA−BA′γ14

)
εi +

i

4
√

2
eAP 3

I L
Iγ1(σ3)ijεj ,

δψσ1i =

(
∂σ1 +

1

4
γ23 +

1

4
LeA−BA′γ14

)
εi +

i

4
√

2
eAP 3

I L̄
Iγ1(σ3)jiε

j .

(6.12)

The others are obtained easily by cyclic permutations. We can actually make this easier

to permute by rewriting it as

δψiσ1 =

(
∂σ1 −

1

4
γ14 +

1

4
LeA−BA′γ14

)
εi +

i

4
√

2
eAP 3

I L
Iγ1(σ3)ijεj ,

δψσ1i =

(
∂σ1 +

1

4
γ14 +

1

4
LeA−BA′γ14

)
εi +

i

4
√

2
eAP 3

I L̄
Iγ1(σ3)jiε

j .

(6.13)
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6.2 Projectors and BPS conditions

We want to look for 1
2 -BPS solutions. All of the variations in the previous section appear

with γ4 and σ3 in front of the SUSY parameters, and based on the structure of these we

will guess projectors of the form

γ4εi = iM(r)(σ3)ijε
j ,

γ4ε
i = iM̃(r)(σ3)ijεj ,

(6.14)

where M(r) and M̃(r) are some functions that satisfy MM̃ = 1. Note that a useful identity

in what follows is (σ3)ij(σ3)jk = −δik. With this, the gaugino variations become

δλαi = i

(
Me−B∂rz

α − 1√
2L
gαβ̄f Iβ̄P

3
I

)
(σ3)ijε

j ,

δλiᾱ = i

(
M̃e−B∂rz̃

ᾱ − 1√
2L
gᾱβf IβP

3
I

)
(σ3)jiεj .

(6.15)

The radial component of the gravitino variations become

δψir =

(
∂r +

i

2
Ar +

1

2
√

2L
eBP 3

I L
I

)
εi ,

δψri =

(
∂r −

i

2
Ar +

1

2
√

2L
eBP 3

I L̄
I

)
εi .

(6.16)

Lastly, the σ1 components of the gravitino variations are

δψiσ1 = ∂σ1ε
i +

i

4

(
−M̃ + M̃LeA−BA′ +

1√
2
eAP 3

I L
I

)
γ1(σ3)ijεj ,

δψσ1i = ∂σ1εi +
i

4

(
M +MLeA−BA′ +

1√
2
eAP 3

I L̄
I

)
γ1(σ3)ijε

j .

(6.17)

Similar expressions hold for the σ2 and σ3 components. Setting all variations to zero, we

arrive at the BPS conditions we want. The gaugino variations yield the following conditions:

0 = Me−B∂rz
α − 1√

2L
gαβ̄f Iβ̄P

3
I ,

0 = M̃e−B∂rz̃
ᾱ − 1√

2L
gᾱβf IβP

3
I .

(6.18)

The radial components of the gravitino variations tell us the radial dependence of the

spinors:

0 =

(
∂r +

i

2
Ar +

1

2
√

2L
eBP 3

I L
I

)
εi ,

0 =

(
∂r −

i

2
Ar +

1

2
√

2L
eBP 3

I L̄
I

)
εi .

(6.19)

Finally, the components of the gravitino variations along the S3 tell us that, for any value

of a = 1, 2, 3, we have

0 = ∂σaε
i +

i

4

(
−M̃ + M̃LeA−BA′ +

1√
2
eAP 3

I L
I

)
γa(σ3)ijεj ,

0 = ∂σaεi +
i

4

(
M +MLeA−BA′ +

1√
2
eAP 3

I L̄
I

)
γa(σ3)ijε

j .

(6.20)
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There are two ways we can proceed. We can either be agnostic about the conformal Killing

spinors on S3 and use integrability conditions, or we can be explicit about how the spinors

are linear combinations of S3 conformal Killing spinors. Let’s try the former. First, we

define

φ ≡M +MLeA−BA′ +
1√
2
eAP 3

I L̄
I ,

φ̃ ≡ −M̃ + M̃LeA−BA′ +
1√
2
eAP 3

I L
I .

(6.21)

Then, the S3 conditions are simply

∂σaε
i = − i

4
φ̃γa(σ3)ijεj , ∂σaεi = − i

4
φγa(σ3)ijε

j . (6.22)

The commutator of derivatives acts on the spinors by

[∂σa , ∂σb ]ε
i = −1

8
φφ̃γabε

i , [∂σa , ∂σb ]εi = −1

8
φφ̃γabεi . (6.23)

The derivatives along the Mauren-Cartan forms satisfy the Jacobi identity

[∂σa , ∂σb ] = −εabc∂σc . (6.24)

This means that we must set

[∂σa , ∂σb ]ε
i = −εabc∂σcεi , [∂σa , ∂σb ]εi = −εabc∂σcεi , (6.25)

which tells us the following two integrability conditions:

φφ̃γabε
i = −2iφ̃εabcγc(σ3)ijεj ,

φφ̃γabεi = −2iφεabcγc(σ3)ijε
j .

(6.26)

Then, we use the fact that γab = −εabcγc4γ5 along with the spinor chiralities and the

projectors to write these integrability conditions as

−iM̃φφ̃εabcγc(σ3)ijεj = −2iφ̃εabcγc(σ3)ijεj ,

iMφφ̃εabcγc(σ3)ijε
j = −2iφεabcγc(σ3)ijε

j .
(6.27)

This is true for any values of a, b = 1, 2, 3, and so we find that

φ̃
(
M̃φ− 2

)
= 0 , φ

(
Mφ̃+ 2

)
= 0 . (6.28)

There are two possible solutions:

φ = φ̃ = 0 , or φ− 2M = φ̃+ 2M̃ = 0 . (6.29)

If we write these out explicitly, they take the form

0 = ξM +MLeA−BA′ +
1√
2
eAP 3

I L̄
I ,

0 = −ξM̃ + M̃LeA−BA′ +
1√
2
eAP 3

I L
I ,

(6.30)

where ξ = ±1 picks out which possible solution we have.
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6.3 Solutions

To summarize the above, if we take equations (6.18) and (6.30), we have the following

Euclidean BPS conditions:

0 = Me−B∂rz
α − 1√

2L
gαβ̄f Iβ̄P

3
I ,

0 = M̃e−B∂rz̃
ᾱ − 1√

2L
gᾱβf IβP

3
I ,

0 = ξM +MLeA−BA′ +
1√
2
eAP 3

I L̄
I ,

0 = −ξM̃ + M̃LeA−BA′ +
1√
2
eAP 3

I L
I ,

(6.31)

where ξ = ±1 and MM̃ = 1. We can solve the third and fourth equations (i.e. the gravitino

variations) for the projectors explicitly:

M = −
1√
2
eAP 3

I L̄
I

ξ + LeA−BA′
, M̃ = −

1√
2
eAP 3

I L
I

−ξ + LeA−BA′
. (6.32)

By demanding that MM̃ = 1, we find the following projector-independent condition:

0 = 1− L2(A′)2e2A−2B +
1

2
e2A(P 3

I L
I)(P 3

J L̄
J) . (6.33)

If we now eliminate the projectors from the first two equations (i.e. the gaugino variations),

we find that
LeA−BP 3

I L̄
I∂rz

α = (−ξ − LeA−BA′)gαβ̄f Iβ̄P
3
I ,

LeA−BP 3
I L

I∂rz̃
ᾱ = (ξ − LeA−BA′)gᾱβf IβP 3

I .
(6.34)

If we take all of these conditions and write out the symplectic sections explicitly in terms

of the scalars, we finally end up with the following set of conditions:

LeA−B(1− z̃1z̃2z̃3)∂rz
α = (−ξ − LeA−BA′)(1− zαz̃α)

(
zα − z̃1z̃2z̃3

z̃α

)
,

LeA−B(1− z1z2z3)∂rz̃
α = (ξ − LeA−BA′)(1− zαz̃α)

(
z̃α − z1z2z3

zα

)
,

−1 = −L2(A′)2e2A−2B + e2A (1− z1z2z3)(1− z̃1z̃2z̃3)

(1− z1z̃1)(1− z2z̃2)(1− z3z̃3)
.

(6.35)

This is the final set of BPS conditions. Under the following identification:

zαFP = −z̃αus , z̃αFP = −zαus , (6.36)

these are precisely Freedman-Pufu’s BPS conditions in [1]. So, we’ve recovered their setup.
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UV expansion

Fefferman-Graham expansion of the metric:

ds2 = L2
(
dρ2 + e2Ads2

S3

)
. (6.37)

The fields have the following expansions:

eA = eρ
(
a0 + a1e

−ρ + . . .
)
,

zα = e−ρ
(
zα0 + zα1 e

−ρ + . . .
)
,

z̃α = e−ρ
(
z̃α0 + z̃α1 e

−ρ + . . .
)
.

(6.38)

Note that a0 can be set to take any value we want via a shift of the coordinate ρ. Plug-

ging this expansion into the BPS conditions, we find no constraints at leading order. At

subleading order, though, we find that:

a1 = 0 , (6.39)

as well as

zα1 = − z̃
1
0 z̃

2
0 z̃

3
0

z̃α0
+ ξ

zα0
a0

,

z̃α1 = −z
1
0z

2
0z

3
0

zα0
− ξ z̃

α
0

a0
.

(6.40)

IR expansion

In the bulk of our spacetime, it will be convenient to use the conformal gauge for our metric

ansatz:

ds2 =
L2

r2
e2A

(
dr2 + r2ds2

S3

)
, (6.41)

which is equivalent to picking our radial coordinate r such that

eB =
L

r
eA . (6.42)

We are interested in bulk solutions that cap off smoothly by having the size of the S3 go

to zero at some point in the bulk. In order for the conformal gauge metric to be smooth

at r = 0, the metric function must have an expansion of the form

eA = r +O(r2) . (6.43)

Additionally, we will also assume the scalar fields are regular and take non-singular values

at r = 0. Plugging all of this into the BPS equations, we find two branches of solutions

depending on the value of ξ:

Branch 1 : ξ = −1 , zα(0)z̃α(0) = z1(0)z2(0)z3(0) ,

Branch 2 : ξ = 1 , zα(0)z̃α(0) = z̃1(0)z̃2(0)z̃3(0) .
(6.44)

In the terminology of [1], Branch 1 is the OSp(2|2)L × SU(2)R branch, while Branch 2 is

the SU(2)L × OSp(2|2)R branch. These labels refer to the representations of the Killing

spinors, which we have not gone into detail about here. Morally, one should think of Branch

1 as fixing the IR values of z̃α, while Branch 2 fixes the IR values of zα.
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Full Solution

A careful analysis of the BPS equations (6.35) shows that the most general BPS solution

in the conformal gauge (6.41) is as follows:

Branch 1 : ds2 =
4L2(1 + c1c2c3)(1 + c1c2c3r

4)

(1− r2)2(1 + c1c2c3r2)2

(
dr2 + r2dΩ2

3

)
,

zα = −cα
(

1− r2

1 + c1c2c3r2

)
,

z̃α =
c1c2c3

cα

(
1− r2

1 + c1c2c3r2

)
,

Branch 2 : ds2 =
4L2(1 + c1c2c3)(1 + c1c2c3r

4)

(1− r2)2(1 + c1c2c3r2)2

(
dr2 + r2dΩ2

3

)
,

zα =
c1c2c3

cα

(
1− r2

1 + c1c2c3r2

)
,

z̃α = −cα
(

1− r2

1 + c1c2c3r2

)
,

(6.45)

where cα are complex numbers chosen such that c1c2c3 ∈ R and |zα| < 1, |z̃α| < 1 along the

entire flow. (The former condition comes from wanting a real slicing of the metric, while

the latter is just the condition that the scalars parameterize coordinates on the Poincaré

disk.) Note that we have chosen the normalization on the scalars such that the constants

cα in these expressions are exactly the same as in [1]. The functions A and B in our ansatz

(6.1) are hence given by

e2A =
4r2(1 + c1c2c3)(1 + c1c2c3r

4)

(1− r2)2(1 + c1c2c3r2)2
,

e2B =
L2

r2
e2A =

4L2(1 + c1c2c3)(1 + c1c2c3r
4)

(1− r2)2(1 + c1c2c3r2)2
.

(6.46)

Note that we chose the coordinate frame such that the radial coordinate takes values on

r ∈ [0, 1), where the IR cap-off is at r = 0 and the UV boundary is at r = 1.

It may additionally be useful to note the form of the projectors M and M̃ for the

above solutions:

Branch 1 : M = M̃−1 =
1

r

√
(1 + c1c2c3)(1 + c1c2c3r4)

(1 + c1c2c3r2)2 + c1c2c3(1− r2)2
,

Branch 2 : M̃ = M−1 =
1

r

√
(1 + c1c2c3)(1 + c1c2c3r4)

(1 + c1c2c3r2)2 + c1c2c3(1− r2)2
.

(6.47)

Notice that in the IR limit where r → 0, we find that M̃ → 0 on Branch 1, while M → 0

on Branch 2. This is compatible with the IR boundary conditions prescribed by the full

set of BPS equations, which demand that one of the projectors must vanish in the IR.
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6.4 Holographic renormalization

We now want to evaluate the on-shell action. When we do so the result will be divergent as

r → 1, so we will take the UV boundary to be at a finite radial coordinate 0 < rb < 1, add

the appropriate counterterms at this cut-off surface, and then take the limit where rb → 1

after things have been regularized.

Taking the bulk action (4.3) on our ansatz (6.1) and using the equations of motion,

we find that

Sbulk =
πL3

4GN

∫ rb

0
dr

[
−2eA+B

L2
+ (e3A−BA′)′

]
. (6.48)

Note that this cannot be written as a total derivative. I hoped this is because our ansatz is

too restrictive; we should allow for general squashings of the boundary and turn on gauge

fields, evaluate the on-shell action, and only after that implement the more restricted

ansatz. This is investigated (with a seemingly null result) in Appendix B.

The counterterm action is

SCT = SGH + SR + SSUSY , (6.49)

with

SGH ≡ −
1

8πGN

∫
d3x
√
hK ,

SR ≡
L

16πGN

∫
d3x
√
hR ,

SSUSY ≡
1

8πGNL

∫
d3x
√
h eK/2

√
VṼ ,

(6.50)

where h is the determinant of the induced metric, hab, on the conformal boundary, K

is the trace of the extrinsic curvature, R the Ricci scalar of hab, and V and Ṽ are the

superpotentials

V = 2(z1z2z3 − 1) , Ṽ = 2(z̃1z̃2z̃3 − 1) . (6.51)

All of these are UV counterterms and should be evaluated at the cut-off surface r = rb.

On our ansatz, the counterterm action is

SCT =
πL2

4GN

[
−3Le3A−BA′ + 3eA + 2e3A

√
(1− z1z2z3)(1− z̃1z̃2z̃3)

(1− z1z̃1)(1− z2z̃2)(1− z3z̃3)

]
r=rb

. (6.52)

The full regularized on-shell action is simply

Son-shell = Sbulk + SCT . (6.53)

If we now plug in the Freedman-Pufu solution explicitly, evaluate at r = rb < 1, and then

take the limit rb → 1, we find that

Son-shell =
πL2

2GN

(
1− c1c2c3

1 + c1c2c3

)
. (6.54)
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Alternative Quantization

Following the analysis of [1], one can show via the full N = 8 theory that the linear

combinations zα + z̃α transform as scalars while zα − z̃α transform as pseudoscalars. All

pseudoscalars are quantized with regular boundary conditions, while the scalars obey alter-

native quantization and must satisfy the alternate boundary conditions prescribed in [8].

If we were to take the usual standard boundary conditions, then in the Fefferman-

Graham expansion of the scalars

zα = zα0 e
−|ρ| + zα1 e

−2|ρ| +O
(
e−3|ρ|

)
, (6.55)

we would interpret the leading piece zα0 as determining the source and the subleading piece

zα1 the VEV in the dual field theory. The on-shell action is then a function of the sources

zα0 and z̃α0 and it should match the partition function of the dual field theory. However, for

alternative quantization the role of the source and the VEV are interchanged; the source is

the canonical conjugate to zα0 while the VEV is the canonical conjugate to zα1 . The on-shell

action must thus be Legendre-transformed with respect to the scalars zα + z̃α in order for

it to be a function of only the sources. This Legendre-transformed action (denoted by J)

is then what gets identified with the partition function, i.e. J = − logZ.

In order to implement the Legendre transform, we first need the canonical conjugates

Πα and Π̃α of zα and z̃α, respectively, defined by

Πα ≡ δSon-shell

δ(∂ρzα)
, Π̃α ≡ δSon-shell

δ(∂ρz̃α)
, (6.56)

where ρ is the radial Fefferman-Graham coordinate. For the specific Fefferman-Graham

expansion (6.38) for our solutions with an S3 boundary, we compute explicitly that these

are given by

Πα = −a
3
0L

2eρ

8πGN

(
zα1 +

z̃1
0 z̃

2
0 z̃

3
0

z̃α0

)
+ . . . ,

Π̃α = −a
3
0L

2eρ

8πGN

(
z̃α1 +

z1
0z

2
0z

3
0

zα0

)
+ . . . ,

(6.57)

where the dots indicate terms that are finite as ρ → ∞. Once we implement the BPS

conditions, these become

Πα = −ξ a
2
0z
α
0L

2eρ

8πGN
+ . . . ,

Π̃α = ξ
a2

0z̃
α
0L

2eρ

8πGN
+ . . . .

(6.58)

Then, since zα − z̃α are pseudoscalars that obey standard quantization while zα + z̃α are

scalars that obey alternate quantization, we find the following expressions at the boundary

for the sources σαF and Dα
F for the pseudoscalars and scalars, respectively:

σαF ∝ lim
ρ→∞

eρ(zα − z̃α) = zα0 − z̃α0 ,

Dα
F ∝ lim

ρ→∞
e−ρ(Πα + Π̃α) = −ξ a

2
0L

2

8πGN
(zα0 − z̃α0 ) .

(6.59)
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Note that these source expressions are only true up to some as-of-yet undetermined pro-

portionality constant. Nonetheless, these relations automatically tell us that σαF ∝ Dα
F , as

required by supersymmetry in the field theory [1]. That is, the asymptotic expansion is

enough to validate the Ward identities; we do not need a full bulk solution.

To actually compute these sources for our explicit solutions, we first recall that the

coordinate r in conformal gauge is related to the the Fefferman-Graham coordinate ρ by

the condition that

e2Bdr2 = L2dρ2 . (6.60)

This condition leads to a series expansion of the form

r = 1− αe−ρ +
α2

2
e−2ρ − α3

4

(
1− c1c2c3

1 + c1c2c3

)2

e−3ρ + . . . , (6.61)

for some constant α. In turn, this means that the UV expansion for the metric function A

takes the form

e2A = eρ
(

1

α
+ . . .

)
, (6.62)

which upon comparison with the Fefferman-Graham expansion (6.38) means we should

identify α = 1/a0. Armed with this, we can now write down the UV expansion of the

scalars:

Branch 1: zα = e−ρ
(
− 2cα
a0(1 + c1c2c3)

+
2cα(1− c1c2c3)

a2
0(1 + c1c2c3)2

+ . . .

)
,

z̃α = e−ρ
(

2c1c2c3

a0cα(1 + c1c2c3)
− 2c1c2c3(1− c1c2c3)

a2
0cα(1 + c1c2c3)2

e−ρ + . . .

)
,

Branch 2: zα = e−ρ
(

2c1c2c3

a0cα(1 + c1c2c3)
− 2c1c2c3(1− c1c2c3)

a2
0cα(1 + c1c2c3)2

e−ρ + . . .

)
,

z̃α = e−ρ
(
− 2cα
a0(1 + c1c2c3)

+
2cα(1− c1c2c3)

a2
0(1 + c1c2c3)2

+ . . .

)
.

(6.63)

Comparing to the Fefferman-Graham expansion (6.38), we find that:

Branch 1: zα0 = − 2cα
a0(1 + c1c2c3)

, z̃α0 =
2c1c2c3

a0cα(1 + c1c2c3)
,

Branch 2: zα0 =
2c1c2c3

a0cα(1 + c1c2c3)
, z̃α0 = − 2cα

a0(1 + c1c2c3)
.

(6.64)

Note that we go between branches simply by swapping zα ↔ z̃α. The source relations are

therefore given by:

σαF ∝
2ξ

a0(1 + c1c2c3)

(
cα +

c1c2c3

cα

)
,

Dα
F ∝ −

2a0L
2

8πGN (1 + c1c2c3)

(
cα +

c1c2c3

cα

)
,

(6.65)

where ξ = −1 on Branch 1 and ξ = 1 on Branch 2. Once again, these source relations are

only up to some overall undetermined constants.
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The Legendre-transformed on-shell action can now be succinctly written down as

J = Son-shell −
1

2

3∑
α=1

∫
UV

d3x (zα + z̃α)(Πα + Π̃α) , (6.66)

where the integration is over the coordinates on the UV conformal boundary. Plugging

everything in, we find that:

J =
πL2

2GN

(1− c2
1)(1− c2

2)(1− c2
3)

(1 + c1c2c3)2
, (6.67)

irrespective of the branch.

6.5 Field theory matching

To summarize the above section, the gravitational partition function is given by

logZgrav = −J = − πL
2

2GN

(1− c2
1)(1− c2

2)(1− c2
3)

(1 + c1c2c3)2
. (6.68)

We can make this expression a little more enlightening by taking inspiration from the

UV/IR correspondence in [2]. We will define the quantities ûI by

ûI =


2πXI∑
J X

J

∣∣∣∣
IR

on Branch 1 ,

2πX̄I∑
J X̄

J

∣∣∣∣
IR

on Branch 2 ,

(6.69)

such that the ûI are determined entirely by the IR values of the scalars. Explicitly, they

are given by

û0 =
π(1 + c1)(1 + c2)(1 + c3)

1 + c1c2c3
,

û1 =
π(1 + c1)(1− c2)(1− c3)

1 + c1c2c3
,

û2 =
π(1− c1)(1 + c2)(1− c3)

1 + c1c2c3
,

û3 =
π(1− c1)(1− c2)(1 + c3)

1 + c1c2c3
.

(6.70)

One can then show that the gravitational partition function (6.68) can be expressed more

compactly as

logZgrav = − L2

2πGN

√
û0û1û2û3 . (6.71)

In the dual ABJM theory, with gauge group U(N)k × U(N)−k at Chern-Simons level

k = 1, the partition function is

logZCFT = −4
√

2πN3/2

3

√
R[Z1]R[Z2]R[W1]R[W2] , (6.72)
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where Za and Wa are the bifundamental chiral multiplets that transform in the (N̄,N) and

(N, N̄) representations of the gauge group, respectively, and R represents their associated

R-charges. These R-charges can be written as:

R[Z1] =
1

2
± ia

(
σ1
F + σ2

F + σ3
F

)
,

R[Z2] =
1

2
± ia

(
σ1
F − σ2

F − σ3
F

)
,

R[W1] =
1

2
± ia

(
−σ1

F + σ2
F − σ3

F

)
,

R[W2] =
1

2
± ia

(
−σ1

F − σ2
F + σ3

F

)
,

(6.73)

where the σαF denote the three real masses associated with the three background flavor

current multiplets. The Ward identities for ABJM on S3 require the scalar sources to be

related by σαF = ±iaDα
F . This can be satisfied by setting

σαF = ∓iδα
a
, Dα

F = −δα
a2

, (6.74)

for some constant of proportionality δα. If we compare the CFT scalar sources (6.74) to

the gravity predictions for the sources (6.65), we find that we must set the δα to be given

by

δα =
n

1 + c1c2c3

(
cα +

c1c2c3

cα

)
, (6.75)

up to some overall normalization n. The R-charges of the chiral multiplets are therefore

given in terms of the constants cα by

R[Z1] =
1 + c1c2c3 + 2n (c1 + c2 + c3 + c1c2 + c2c3 + c3c1)

2(1 + c1c2c3)
,

R[Z2] =
1 + c1c2c3 + 2n (c1 − c2 − c3 − c1c2 + c2c3 − c3c1)

2(1 + c1c2c3)
,

R[W1] =
1 + c1c2c3 + 2n (−c1 + c2 − c3 − c1c2 − c2c3 + c3c1)

2(1 + c1c2c3)
,

R[W2] =
1 + c1c2c3 + 2n (−c1 − c2 + c3 + c1c2 − c2c3 − c3c1)

2(1 + c1c2c3)
.

(6.76)

Our goal now is to determine the normalization factor n by matching the gravita-

tional partition function (6.71) to the field theory partition function (6.72). The usual

AdS4/CFT3 dictionary relates the AdS radius L to the CFT gauge group rank N by

√
2N3/2

3
=

L2

2GN
. (6.77)

Armed with this, if we compare the partition functions (6.71) and (6.72) and use the

relationship (6.75) between the field theory sources and the scalar fields in the bulk, we

find that there is a match if and only if n = 1/2. Moreover, setting n = 1/2 also has the
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effect of making the R-charges related to the gravitational quantities ûI we defined earlier.

In particular, we find that

û0 = 2πR[Z1] , û1 = 2πR[Z2] , û2 = 2πR[W1] , û3 = 2πR[W2] . (6.78)

This is similar in spirit to the match established in [2] between the bulk quantities ûI and

the complex fugacities uI in the field theory when placing ABJM on S1 × Σg. In the case

at hand of S3 there are no fugacities one can define, but the R-charges are related to the

real masses so the match is nonetheless of a similar form. Note also that this is an example

of a UV/IR correspondence, since the ûI are determined entirely by the IR values of

the supergravity scalars, while the CFT sources can be calculated via the UV expansion

of the bulk fields.

7 STU model with SU(2)× U(1) squashed S3 boundary

In this section, our goal is to construct Euclidean BPS solutions in the STU model whose

boundary is that of a squashed S3. In particular, we’d like to find new solutions that have

non-trivial scalar profiles. Once we have these solutions, we want to compute their on-shell

action, and then in turn compute the partition function via a Legendre transform. This

will lead us to a novel prediction for the partition function of ABJM on a squashed sphere

with background sources turned on.

7.1 Ansatz and variations

The metric ansatz for having a squashed sphere at the boundary is

ds2 =
1

4
L2
[
e2A(r)

(
σ2

1 + σ2
2

)
+ e2C(r)σ2

3

]
+ e2B(r)dr2 , (7.1)

for some functions A, B, and C of the radial coordinate r. The vielbein are

ea =
1

2
LeAσa , (a = 1, 2)

e3 =
1

2
LeCσ3 ,

e4 = eBdr ,

(7.2)

and the spin connection components are

ω12 =

(
1− 1

2
e2(C−A)

)
σ3 ,

ω23 =
1

2
eC−Aσ1 ,

ω31 =
1

2
eC−Aσ2 ,

ωa4 =
1

2
LeA−BA′σa , (a = 1, 2)

ω34 =
1

2
LeC−BC ′σ3 .

(7.3)
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Since we have in mind that we are squashing along the σ3 direction, we need to correspon-

dingly turn on gauge fields along this direction as well:

AI = eI(r)σ3 , (7.4)

with eI being some complex function of the radial coordinate, and so the field strengths

are

F I = ∂re
Idr ∧ σ3 + eIσ1 ∧ σ2 = − 2

L
e−B−C∂re

Idx3 ∧ dx4 +
4

L2
e−2AeIdx1 ∧ dx2 . (7.5)

It will be useful to note the (anti-)self-dual components:

F I±34 = − 1

L
e−B−C∂re

I ± 2

L2
e−2AeI . (7.6)

To make notation a little simpler, we will define

n−I = IIJF−J34 , n+
I = IIJ(F+J

34 )∗ . (7.7)

Then, the variations are

δψir =

(
∂r +

i

2
Ar
)
εi +

i

2
√

2L
eBP 3

I L
Iγ4(σ3)ijεj + eBLIn−I γ3ε

ijεj ,

δψiσ1 =

(
∂σ1 +

1

4
LeA−BA′γ14 −

1

4
eC−Aγ14 +

i

2
Aσ1

)
εi +

i

4
√

2
eAP 3

I L
Iγ1(σ3)ijεj

+
1

2
LeALIn−I γ134ε

ijεj ,

δψiσ2 =

(
∂σ2 +

1

4
LeA−BA′γ24 −

1

4
eC−Aγ24 +

i

2
Aσ2

)
εi +

i

4
√

2
eAP 3

I L
Iγ2(σ3)ijεj

+
1

2
LeALIn−I γ234ε

ijεj ,

δψiσ3 =

(
∂σ3 +

1

4
LeC−BC ′γ34 +

1

4
(e2(C−A) − 2)γ34 +

i

2
Aσ3

)
εi +

i

2
√

2L
P 3
I e

I(σ3) i
j ε

j

+
i

4
√

2
eCP 3

I L
Iγ3(σ3)ijεj −

1

2
LeCLIn−I γ4ε

ijεj ,

δλαi = −2gαβ̄f Iβ̄n
−
I γ34εijε

j + e−B(∂rz
α)γ4εi +

2

L
e−C(∂σ3z

α)γ3εi

+
2

L
e−A(∂σ1z

α)γ1εi +
2

L
e−A(∂σ2z

α)γ2εi −
i√
2L
gαβ̄f Iβ̄P

3
I (σ3)ijε

j ,

(7.8)
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plus the conjugate variations

δψir =

(
∂r −

i

2
Ar
)
εi +

i

2
√

2L
eBP 3

I L̄
Iγ4(σ3)ijε

j + eBL̄In+
I γ3εijε

j ,

δψiσ1 =

(
∂σ1 +

1

4
LeA−BA′γ14 +

1

4
eC−Aγ14 −

i

2
A∗σ1

)
εi +

i

4
√

2
eAP 3

I L̄
Iγ1(σ3)ijε

j

+
1

2
LeAL̄In+

I γ134εijε
j ,

δψiσ2 =

(
∂σ2 +

1

4
LeA−BA′γ24 +

1

4
eC−Aγ24 −

i

2
A∗σ2

)
εi +

i

4
√

2
eAP 3

I L̄
Iγ2(σ3)ijε

j

+
1

2
LeAL̄In+

I γ234εijε
j ,

δψiσ3 =

(
∂σ3 +

1

4
LeC−BC ′γ34 −

1

4
(e2(C−A) − 2)γ34 −

i

2
A∗σ3

)
εi −

i

2
√

2L
P 3
I (eI)∗(σ3) ji εj

+
i

4
√

2
eCP 3

I L̄
Iγ3(σ3)ijε

j − 1

2
LeCL̄In+

I γ4εijε
j ,

δλiᾱ = −2gᾱβf Iβn
+
I γ34ε

ijεj + e−B(∂rz̃
ᾱ)γ4ε

i +
2

L
e−C(∂σ3 z̃

ᾱ)γ3ε
i

+
2

L
e−A(∂σ1 z̃

ᾱ)γ1ε
i +

2

L
e−A(∂σ2 z̃

ᾱ)γ2ε
i − i√

2L
gᾱβf IβP

3
I (σ3)ijεj .

(7.9)

7.2 Projectors and further ansatz

We will once again impose
γ4εi = iM(r)(σ3)ijε

j ,

γ4ε
i = iM̃(r)(σ3)ijεj ,

(7.10)

where M and M̃ are some functions that satisfy MM̃ = 1. However, we break more super-

symmetry by squashing the asymptotic S3, and have to impose an additional projector:

γ3εi = N(r)εijε
j ,

γ3ε
i = Ñ(r)εijεj ,

(7.11)

where NÑ = −1. Note that consistency of the two sets of projectors requires MÑ =

−M̃N , which in turn sets
N = ζM ,

Ñ = −ζM̃ ,
(7.12)
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for some constant ζ that takes values ζ = ±1. We will also assume that the scalars have

vanishing derivative along the σi directions. The variations become:

δψir =

(
∂r +

i

2
Ar +

1

2
√

2L
MeBP 3

I L
I − ζMeBLIn−I

)
εi ,

δψiσ1 = ∂σ1ε
i +

i

4

(
M̃LeA−BA′ − M̃eC−A +

1√
2
eAP 3

I L
I + 2ζLeALIn−I

)
γ1(σ3)ijεj ,

δψiσ2 = ∂σ2ε
i +

i

4

(
M̃LeA−BA′ − M̃eC−A +

1√
2
eAP 3

I L
I + 2ζLeALIn−I

)
γ2(σ3)ijεj ,

δψiσ3 = ∂σ3ε
i +

i

4

(
ζLeC−BC ′ − 2ζ + ζe2(C−A) +

√
2

L
P 3
I e

I

+
1√
2
ζMeCP 3

I L
I − 2MLeCLIn−I

)
(σ3) i

j ε
j ,

δλαi = i

(
2ζgαβ̄f Iβ̄n

−
I +Me−B∂rz

α − 1√
2L
gαβ̄f Iβ̄P

3
I

)
(σ3)ijε

j ,

(7.13)

and the conjugate variations are given by very similar looking expressions:

δψir =

(
∂r −

i

2
Ar +

1

2
√

2L
M̃eBP 3

I L̄
I + ζM̃eBL̄In+

I

)
εi ,

δψiσ1 = ∂σ1εi +
i

4

(
MLeA−BA′ +MeC−A +

1√
2
eAP 3

I L̄
I − 2ζLeAL̄In+

I

)
γ1(σ3)ijε

j ,

δψiσ2 = ∂σ2εi +
i

4

(
MLeA−BA′ +MeC−A +

1√
2
eAP 3

I L̄
I − 2ζLeAL̄In+

I

)
γ2(σ3)ijε

j ,

δψiσ3 = ∂σ3εi +
i

4

(
ζLeC−BC ′ + 2ζ − ζe2(C−A) −

√
2

L
P 3
I (eI)∗

+
1√
2
ζM̃eCP 3

I L̄
I + 2M̃LeCL̄In+

I

)
(σ3) ji εj ,

δλiᾱ = i

(
−2ζgᾱβf Iβn

+
I + M̃e−B∂rz̃

ᾱ − 1√
2L
gᾱβf IβP

3
I

)
(σ3)ijεj .

(7.14)

Note that the σ3 component of the gravitino variation takes a somewhat form than the

others, due to the gauge fields along the σ3 direction as well as due to the projector relations

above.

7.3 BPS conditions

Setting all variations above to zero yields the BPS conditions we are after. The gaugino

variations tell us that:

0 = 2ζgαβ̄f Iβ̄n
−
I +Me−B∂rz

α − 1√
2L
gαβ̄f Iβ̄P

3
I ,

0 = −2ζgᾱβf Iβn
+
I + M̃e−B∂rz̃

ᾱ − 1√
2L
gᾱβf IβP

3
I .

(7.15)
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The radial components of the gravitino variations tell us the radial dependence of the

supersymmetry spinor parameters:

0 =

(
∂r +

i

2
Ar +

1

2
√

2L
MeBP 3

I L
I − ζMeBLIn−I

)
εi ,

0 =

(
∂r −

i

2
Ar +

1

2
√

2L
M̃eBP 3

I L̄
I + ζM̃eBL̄In+

I

)
εi .

(7.16)

For the components of the gravitino variations along the S3, we first define

φ = MLeA−BA′ +MeC−A +
1√
2
eAP 3

I L̄
I − 2ζLeAL̄In+

I ,

φ̃ = M̃LeA−BA′ − M̃eC−A +
1√
2
eAP 3

I L
I + 2ζLeALIn−I ,

χ = ζLeC−BC ′ + 2ζ − ζe2(C−A) −
√

2

L
P 3
I (eI)∗ +

1√
2
ζM̃eCP 3

I L̄
I + 2M̃LeCL̄In+

I ,

χ̃ = ζLeC−BC ′ − 2ζ + ζe2(C−A) +

√
2

L
P 3
I e

I +
1√
2
ζMeCP 3

I L
I − 2MLeCLIn−I .

(7.17)

Then, the corresponding BPS conditions can be written as follows:

∂σ1ε
i = − i

4
φ̃γ1(σ3)ijεj , ∂σ1εi = − i

4
φγ1(σ3)ijε

j ,

∂σ2ε
i = − i

4
φ̃γ2(σ3)ijεj , ∂σ2εi = − i

4
φγ2(σ3)ijε

j ,

∂σ3ε
i = − i

4
χ̃(σ3) i

j ε
j , ∂σ3εi = − i

4
χ(σ3) ji εj .

(7.18)

The derivatives along the Mauren-Cartan forms satisfy [∂σa , ∂σb ] = −εabc∂σc , which when

combined with the BPS conditions (7.18) yields the following integrability conditions:

0 = φ(χ+ χ̃) + 4ζφ ,

0 = φ̃(χ+ χ̃)− 4ζφ̃ ,

0 = 2χ− ζφφ̃ ,
0 = 2χ̃− ζφφ̃ .

(7.19)

In the round S3 case we found that there were two distinct sets of solutions to the cor-

responding integrability conditions. In the case at hand, however, the extra projection

conditions lead to only a single solution. In particular, only the trivial solution satisfies

the integrability conditions:

φ = φ̃ = χ = χ̃ = 0 . (7.20)

Finally, the last piece of information we need in order to find solutions is the Maxwell

equation, which demands that

0 =
4

L2
e−2A+B+CIIJeJ −

2i

L
(∂rRIJ)eJ − ∂r

(
e2A−B−CIIJ∂reJ

)
. (7.21)
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7.4 UV Expansion

Fefferman-Graham gauge:

ds2 = L2dρ2 +
L2

4

(
e2A

(
σ2

1 + σ2
2

)
+ e2Cσ2

3

)
. (7.22)

Consistency of the Fefferman-Graham gauge with the BPS equations and the equations of

motion dictates the following asymptotic expansions:

eA = eρ
(
a0 + a1e

−ρ + . . .
)
,

eC = eρ
(
c0 + c1e

−ρ + . . .
)
,

M = M0 +M1e
−ρ + . . . ,

M̃ = M̃0 + M̃1e
−ρ + . . . ,

zα = e−ρ
(
zα0 + zα1 e

−ρ + . . .
)
,

z̃α = e−ρ
(
z̃α0 + z̃α1 e

−ρ + . . .
)
,

eI = eI0 + eI1e
−ρ + . . . ,

(7.23)

for some set of constants {an, cn,Mn, M̃n, z
α
n , z̃

α
n , e

I
n}. (Anthony: Need to now plug

this FG expansion into the BPS equations and see what we learn.)

7.5 IR Expansion

We denote the location of the IR to be at some radial coordinate r = r0. Based on the

structure of various NUT solutions in minimal supergravity, I think that there should

be a gauge for the radial coordinate such that the metric functions admit the following

asymptotic expansion in the IR:

eA = α1(r − r0) + α2(r − r0)2 + . . . ,

eB = β0 + β1(r − r0) + . . . ,

eC = γ1(r − r0) + γ2(r − r0)2 + . . . ,

(7.24)

for some set of constants {αi, βi, γi}, where the dots indicate terms that are higher-order

in powers of (r − r0). Crucially, we have enforced that both eA and eC vanish as r → r0,

while eB is non-zero. This in turn means that the metric has the following asymptotic

expansion:

ds2 → β2
0dr

2 +
L2

4
(r − r0)2 (α2

1

(
σ2

1 + σ2
2

)
+ γ2

1σ
2
3

)
+ . . . . (7.25)

If we neglect the terms that are subleading as r → r0, then the metric (7.25) is simply

that of R4, albeit written in a slightly unusual set of coordinates where we think of R4 as

a squashed S3 fibered over a radial coordinate.

The only caveat is that we may additionally have to demand that

α1 = γ1 =
2β0

L
, (7.26)

in order for this metric to be free of any conical singularities at the origin. This is the

most restrictive way to ensure that our spacetime caps off smoothly as R4 in the IR; I’m
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not sure if there’s a more lenient way to do it that has fewer constraints. In principle there

is no reason from a purely gravitational path integral point of view to demand regularity,

but for our holographic purposes regularity is important.

For the other fields in our theory, the IR boundary conditions they should satisfy are

as follows:
zα = ζα0 + ζα1 (r − r0) + . . . ,

z̃α = ζ̃α0 + ζ̃α1 (r − r0) + . . . ,
(7.27)

Finally, for the projectors M and M̃ , they should satisfy

M = m1(r − r0) +m2(r − r0)2 + . . . , M̃ = M−1 , (7.28)

or vice-versa. That is, one of them should die out linearly as r → r0 and the other should

blow up in the same limit. (Anthony: Now need to plug these expansions into the

BPS equations and see what we learn.)

7.6 Solutions

The simplest solutions I could find are the 1
4 -BPS SU(2)×U(1) squashed spheres in minimal

supergravity, as detailed in Section 5 of [9]. There is the self-dual solution, given by

ds2 =
r2 − s2

Ω(r)
dr2 +

(
r2 − s2

) (
σ2

1 + σ2
2

)
+

4s2Ω(r)

r2 − s2
σ2

3 ,

Ω(r) =
(r + s)2 (L2 + r2 − 2rs− 3s2

)
L2

,

AI = −
ζ
(
L2 − 4s2

)
2
√

2L

(
r + s

r − s

)
σ3 ,

zα = z̃α = 0 ,

M = M̃−1 =

√
r2 − 2rs− 3s2 + L2

r2 − s2
.

(7.29)

There is also the anti-self-dual solution, given by

ds2 =
r2 − s2

Ω(r)
dr2 +

(
r2 − s2

) (
σ2

1 + σ2
2

)
+

4s2Ω(r)

r2 − s2
σ2

3 ,

Ω(r) =
(r − s)2 (L2 + r2 + 2rs− 3s2

)
L2

,

AI = −
ζ
(
L2 − 4s2

)
2
√

2L

(
r − s
r + s

)
σ3 ,

zα = z̃α = 0 ,

M = M̃−1 =

√
r2 − s2

r2 + 2rs− 3s2 + L2
.

(7.30)

The free parameters in these solutions are the constant s and the constant sign ζ = ±1. For

both solutions, the parameter s can without loss of generality be chosen such that s > 0.

For the anti-self-dual solution, the coordinate r takes values on the range [s,∞), where
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r = s corresponds to the IR while r → ∞ is the UV. For the self-dual solution, r lives on

the range [r0,∞), where the IR coordinate r0 is determined by finding the outermost root

of Ω(r). (Anthony: Need to now progress to finding new solutions with scalars

turned on, but this has proven somewhat difficult and involved.)

7.7 What about other solutions?

Something important to note is that the BPS equations I have derived are consistent with

the 1/4-BPS squashed sphere solution of [9], but the same reference also discusses a different

1/2-BPS squashed sphere solution in its Section 4. In the conventions we use in this paper,

this 1/2-BPS solution should take the following form:

ds2 =
r2 − s2

Ω(r)
dr2 +

(
r2 − s2

) (
σ2

1 + σ2
2

)
+

4s2Ω(r)

r2 − s2
σ2

3 ,

Ω(r) =
(r − s)2 (L2 + r2 + 2rs− 3s2

)
L2

,

AI = ± s√
2

√
4s2

L2
− 1

(
r − s
r + s

)
σ3 ,

zα = z̃α = 0 .

(7.31)

I have tried to see if this 1/2-BPS solution solves the BPS equations I have derived, but it

seems not to. So, the projectors I have chosen in equations (7.10) and (7.11) are incompa-

tible with the supersymmetries preserved by the 1/2-BPS solution. So, on my list of things

to do is to derive a new set of BPS conditions compatible with this 1/2-BPS solution, so

that I can then start to add scalars to it.

Crucially, the 1/4-BPS solution should be thought of as sort of a “trivial” squashing,

while the 1/2-BPS solution is non-trivial. Correspondingly, their on-shell actions reflect

this, where the 1/4-BPS on-shell action is independent of the squashing parameter s, while

the 1/2-BPS on-shell action does depend on s:

I1/4-BPS =
πL2

2GN
,

I1/2-BPS =
2πs2

GN
.

(7.32)

In the interest of seeing if we can bootstrap a general formula for the on-shell action with

scalars turned on, having scalar generalizations of both the 1/4- and 1/2-BPS solutions

would be useful.

A Useful relations

We may find it useful to compare our solutions to known solutions in minimal N = 2

gauged supergravity. Typically, the bosonic action for this minimal supergravity is given

by

S = − 1

16πGN

∫
d4x
√
g

(
R− 1

4
F (min)
µν Fµν(min) +

6

L2

)
, (A.1)
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where F
(min)
µν ≡ ∂µA

(min)
ν − ∂νA(min)

µ . We can convert between minimal and non-minimal

supergravity conventions as follows:

AI =
1√
2
A(min) , zα = z̃α = 0 . (A.2)

For the squashed sphere solutions in particular, this means that we will set

eI(r) =
1√
2
f(r) , (A.3)

such that all of the gauge fields are proportional to the same function f . The relevant

quantities for the BPS conditions are then found as follows:

P 3
I L

I = −
√

2 ,

P 3
I e

I = −2
√

2f ,

LIn±I =
1

L
e−B−Cf ′ ∓ 2

L2
e−2Af ,

(A.4)

where there is implicitly a complex conjugation on the n+
I term. In turn, this means that

we have the following:

α = MLeA−BA′ +MeC−A − eA − 2ζeA−B−Cf∗′ +
4ζ

L
e−Af∗ ,

α̃ = M̃LeA−BA′ − M̃eC−A − eA + 2ζeA−B−Cf ′ +
4ζ

L
e−Af ,

β = MLeC−BC ′ −M(e2(C−A) − 2) +
4ζ

L
Mf∗ − eC + 2ζe−Bf∗′ − 4ζ

L
eC−2Af∗ ,

β̃ = M̃LeC−BC ′ + M̃(e2(C−A) − 2)− 4ζ

L
M̃f − eC − 2ζe−Bf ′ − 4ζ

L
eC−2Af .

(A.5)

B General squashing

The most general squashed ansatz we will consider is

ds2 =
1

4
L2
(
e2A1(r)σ2

1 + e2A2(r)σ2
2 + e2A3(r)σ2

3

)
+ e2B(r)dr2 ,

AI = eI1(r)σ1 + eI2(r)σ2 + eI3(r)σ3 ,

zα = zα(r) ,

z̃α = z̃α(r) ,

(B.1)

where L is the AdS radius, the functions Ai, e
I
i , B, and the scalars are all functions only

of r, and σi are the left-invariant SU(2) Maurer-Cartan forms. The vielbein are

ei =
1

2
LeAiσi , e4 = eBdr , (B.2)

where i = 1, 2, 3. The spin connections are

ω12 =
e2A1 + e2A2 − e2A3

2eA1+A2
σ3 , ωi4 = A′ie

−Bei , (B.3)
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with ω23 and ω31 obtained via cyclic permutations from the first expression.

From the gauge field ansatz, we find that the field strengths are given by

F I =
3∑
i=1

(
∂re

I
i dr ∧ σi + eIi σi+1 ∧ σi+2

)
,

F̃ I =

3∑
i=1

(
− 2

L
eB+Ai−Ai+1−Ai+2eIi dr ∧ σi −

L

2
e−B−Ai+Ai+1+Ai+2∂re

I
i σi+1 ∧ σi+2

)
,

(B.4)

where we have in mind that Ai ≡ Ai mod 3 and σi ≡ σi mod 3 for any value of i > 3. Note

that the gauge fields automatically solve the Bianchi equations ∇µF̃µν = 0. The Maxwell

equations are a little more involved, but we end up finding the following independent

equations:

0 =
4

L2
eB+Ai−Ai+1−Ai+2IIJeJi −

2i

L
(∂rRIJ)eJi − ∂r

(
e−B−Ai+Ai+1+Ai+2IIJ∂reJi

)
, (B.5)

for i = 1, 2, 3.

We now want to evaluate the bulk on-shell action for our general squashing ansatz,

and we will try to simplify the result using only the equations of motion. First, we write

the on-shell action as

Sbulk =
πL3

4GN

∫
dr (L1 + L2 + L3 + L4 + L5) (B.6)

with
L1 = −α

2
R ,

L2 = −α
4
IIJF IµνF Jµν ,

L3 =
iα

4
RIJF IµνF̃ Jµν ,

L4 = αe−2Bgαβ̄∂rz
α∂rz̃

β̄ ,

L5 = αg2P ,

(B.7)

and we have defined α ≡ eA1+A2+A3+B. To simplify the field strength terms, we first

explicitly write them out for our ansatz:

IIJF IµνF Jµν = IIJ
3∑
i=1

[
32

L4
e−2Ai+1−2Ai+2eIi e

J
i +

8

L2
e−2Ai−2B∂re

I
i ∂re

J
i

]
,

RIJF IµνF̃ Jµν = RIJ
3∑
i=1

[
− 32

L3
e−A1−A2−A3−BeIi ∂re

J
i

]
.

(B.8)

When we include the measure and all numerical factors, this means that the third term in

the on-shell action (using the symmetry of the matrix RIJ) can be written as

L3 = − 4i

L3

3∑
i=1

RIJ∂r(eIi eJi )

= − 4i

L3

3∑
i=1

[
∂r(RIJeIi eJi )− (∂rRIJ)eIi e

J
i

]
.

(B.9)
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By now using the Maxwell equation we can trade all instances of ∂rRIJ for IIJ . As a

result, we find that (after a great deal of rewriting)

L3 =
3∑
i=1

[
− 4i

L3
∂r(RIJeIi eJi ) +

8

L4
eAi−Ai+1−Ai+2+BIIJeIi eJi

− 2

L2
∂r(e

−Ai+Ai+1+Ai+2−BIIJeIi ∂reJi ) +
2

L2
e−Ai+Ai+1+Ai+2−BIIJ∂reIi ∂reJi

]
.

(B.10)

Similarly, a careful rewriting of the second term yields

L2 =

3∑
i=1

[
− 8

L4
eAi−Ai+1−Ai+2+BIIJeIi eJi −

2

L2
e−Ai+Ai+1+Ai+2−BIIJ∂reIi ∂reJi

]
. (B.11)

Upon inspection, we find that all terms in these that are not total derivatives cancel! We

are therefore left simply with

L2 + L3 =

3∑
i=1

∂r

[
− 2

L2
e−Ai+Ai+1+Ai+2−B IIJeIi ∂reJi −

4i

L3
RIJeIi eJi

]
. (B.12)

To simplify the rest of the terms in the on-shell action, we first need to study the Einstein

equation. The independent degrees of freedom in the stress tensor that correspond to the

Maxwell fields are captured by the following potentials:

Vij ≡ IIJ
(
4e2B+Ai+AjeIi e

J
j − L2eAi+1+Ai+2+Aj+1+Aj+2∂re

I
i ∂re

J
j

)
,

Wij ≡ IIJ
(
e−2AieJj ∂re

I
i − e−2AjeIi ∂re

J
j

)
.

(B.13)

That is, the Maxwell portion of the stress tensor can be written entirely in terms of these

potentials (as well as the metric functions). If we then study the constraints on these

potentials that result from solving the Einstein equation, we find that

Vij = Wij = 0 for all i 6= j . (B.14)

Since Wij is antisymmetric, this means all components of Wij vanish. Crucially, a necessary

condition for solving this equation is that at least two of the eIi vanish, which in turn

means that Vii = 0 for at least two different values of i. That is, it is only possible for one

component on the diagonal of Vij to be non-zero. However, we may also want to demand

that this (potentially non-zero) component vanishes so as to make the field strength either

self-dual or anti-self-dual, based on the known squashed sphere solutions.

Thus, in summary, the only way to solve the Einstein equations and also have an

(anti-)self-dual field strength is to demand that

Vij = Wij = 0 . (B.15)

Setting these to zero and studying the (r, r) and (ψ,ψ) components of the Einstein equation,

we find that we can solve for all terms involving the scalars purely in terms of metric
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functions:

gαβ̄∂rz
α∂rz̃

β̄ =
1

L2
e2B

(
e2A1−2A2−2A3 + e−2A1+2A2−2A3 + e−2A1−2A2+2A3

)
− 2

L2
e2B−2A3 +

1

2

(
A′1(B′ −A′1 −A′3) +A′2(B′ −A′2 −A′3)−A′′1 −A′′2

)
,

g2P =
2

L2

(
e−2A1−2A2+2A3 − e2A1−2A2−2A3 − e−2A1+2A2−2A3

)
+

4

L2
e−2A3 + e−2BA′3

(
B′ −A′1 −A′2 −A′3

)
− e−2BA′′3 .

(B.16)

Note however that this does not fully solve the Einstein equations; there are still non-zero

components that give constraints on the metric functions. These constraints can be solved

by setting A1 = A2 = A3, but I wonder if the constraints can more generally be solved in

such a way that the on-shell action is a total derivative.

To investigate this more, we now note that

L1 + L4 + L5 =
2

L2
eB−A1−A2+A3

(
−e2A1 − e2A2 + e2A3

)
+

1

2
∂r
(
e−B+A1+A2+A3(A′1 +A′2)

)
.

(B.17)

The (φ, θ) component of the Einstein equation tells us that

0 =
4

L2
eB−A1−A2−A3

(
e2A1 − e2A2

) (
−e4A1 − e4A2 + e4A3

)
+ e2A1∂r

(
e−B+A1+A2+A3(A′1 −A′3)

)
− e2A2∂r

(
e−B+A1+A2+A3(A′2 −A′3)

)
.

(B.18)

The (θ, θ) component tells us that

0 =
4

L2
eB−A1−A2−A3

(
e2A2 − e2A3

) (
−e2A1 + e2A2 + e2A3

)
− ∂r

(
e−B+A1+A2+A3(A′2 −A′3)

)
.

(B.19)

Lastly, the (φ, φ) component yields

0 =
4

L2
eB−A1−A2−A3

(
e2A1 − e2A3

) (
e2A1 − e2A2 + e2A3

)
− ∂r

(
e−B+A1+A2+A3(A′1 −A′3)

)
.

(B.20)

Note that these equations are not all independent; the (θ, θ) and (φ, φ) constraints combine

to automatically yield the (φ, θ) constraint. These constraints are all clearly satisfied for

the round S3 case where all Ai are equal.

Unfortunately, it doesn’t seem that there is a way to apply these constraints to force

the on-shell action to be a total derivative.
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